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Double Hodge Theory for a particle on Torus
Vipul Kumar Pandey∗ and Bhabani Prasad Mandal†
Department of Physics, Banaras Hindu University, Varanasi-221005, INDIA.
We investigate all possible nilpotent symmetries for a particle on torus. We explicitly construct
four independent nilpotent BRST symmetries for such systems and derive the algebra between the
generators of such symmetries. We show that such a system has rich mathematical properties and
behaves as double Hodge theory. We further construct the finite field dependent BRST transforma-
tion for such systems by integrating the infinitesimal BRST transformation systematically. Such a
finite transformation is useful in realizing the various theories with toric geometry.
I. INTRODUCTION
The formulation based on BRST symmetry [1, 2] plays crucial role in the discussion of quantization,
renormalization, unitarity and other aspects of gauge theories. The nilpotency nature of BRST
transformation is mainly responsible for simplified treatment in all these discussions. Thus it is
extremely important to find more and more nilpotent symmetry associated with any system to study,
particularly the systems with constraints. Toric geometry which is generalization of the projective
identification that defines CPn corresponding to the most general linear sigma model provides a scheme
for constructing Calabi-Yau manifolds and their mirrors [3]. Recently, on the basis of boundary string
field theory [4], the brane-antibrane system was exploited [5] in the toroidal background to investigate
its thermodynamic properties associated with the Hagedorn temperature [6, 7]. The Nahm transform
and moduli spaces of CPn models were also studied on the toric geometry [8]. In a four dimen-
sional, toroidally compactified heterotic string, the electrically charged BPS-saturated were shown to
become massless along the hyper surfaces of enhanced gauge symmetry of a two-torus moduli subspace [9].
In the present work we investigate various possible nilpotent symmetries for a particle on torus.
Usual BRST symmetry for a particle on torus has already been constructed [10]. In this work we
construct four different nilpotent symmetries associated with this system, namely BRST symmetry,
anti-BRST symmetry, dual BRST (also known as co-BRST) symmetry and anti-dual BRST (also known
as anti-co-BRST) symmetry [11–13]. We further construct two different bosonic symmetries using
these nilpotent BRST symmetries and some discrete symmetries associated with ghost number are also
written for such systems. Complete algebra satisfied by charges, which generate these symmetries are
derived. Deep mathematical connections of such system with Hodge theory [33–36] are established
in this work. We found that the system of particle on a torus is realized as Hodge theory w.r.t. to
two different set of operators. The generators for BRST, dual-BRST symmetries and generator for
corresponding bosonic symmetries constructed out of BRST and dual-BRST symmetries are analogous
to exterior derivative, co-exterior derivative and Laplace operator in Hodge theory [14–22]. On the
other hand the charges corresponding to anti-BRST symmetry, anti-dual-BRST symmetry and bosonic
symmetry constructed out of these two BRST symmetries also from set of de-Rham co-homological op-
erators. This indicates the mathematical foundation of the theory of a particle on a torus is extremely rich.
We further extend the BRST transformation for this system by considering the BRST parameter
as finite and field dependent. More than two decades ago Joglekar and Mandal introduced for the
first time the concept of finite field dependent BRST(FFBRST)transformation [37], which had similar
structure and properties of usual BRST transformation. However the path integral measure is not
invariant due to finite nature of such transformation. It has been shown that by constructing suitable
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2finite parameter one can calculate desirable Jacobian factor which under certain condition is added to
the effective action of the theory . Thus FFBRST is capable of connecting generating functionals of two
different effective theories. Because of these remarkable properties, FFBRST has become an useful tool
of studying various field theoretic systems with BRST symmetry and it has found many applications
[38–47]. We have constructed FFBRST transformation for the system of particle on torus to show the
connection between two theories on torus with different gauge fixing. Now we present the plan of this
manuscript.
We start with the brief introduction about the free particle on the the surface of torus in Sec. II.
Hamiltonian formulation for this theory is presented in sec. III. In Sec. IV the BFV formulation for
this model has been discussed and BRST symmetry for such model has been constructed. In Sec. V
the other nilpotent symmetry transformations for same system have been constructed. Co-BRST and
anti co-BRST have been discussed in sec. VI. Other symmetries have been discussed in section VII. The
connection between algebra satisfied by the nilpotent charges and de Rham co-homological operators of
differential geometry is shown in Sec. VIII. In section IX we introduce FFBRST transformation and
in next Sec. we connect theory in different gauges using FFBRST transformations. We conclude our
results in Sec. XI.
II. FREE PARTICLE ON SURFACE OF TORUS
A particle moving freely on the surface of a torus is described by Lagrangian
L0 =
1
2
mr˙2 +
1
2
mr2θ˙2 +
1
2
m(b + r sin θ)2φ˙2 (1)
where (r, θ, φ) are toroidal co-ordinates related to Cartesian coordinates as
x = (b + r sin θ) cosφ, y = (b + r sin θ) sinφ, z = r cos θ (2)
Here we have considered a torus with axial circle in the x− y plane centered at the origin, of radius b,
having a circular cross section of radius r. The angle θ ranges from 0 to 2pi, and the angle φ from 0 to
2pi. Since the particle moves on the surface of torus of radius r, it is constrained to satisfy
Ω1 = r − a ≈ 0 (3)
The canonical Hamiltonian corresponding to the Lagrangian in Eq.(1) with the above constraint is then
written as
H0 =
p2r
2m
+
p2θ
2mr2
+
p2φ
2m(b+ r sin θ)2
+ λ(r − a) (4)
where pr, pθ and pφ are the canonical momenta conjugate to the coordinate r, θ and φ, respectively,
given by
pr = mr˙, pθ = mr
2θ˙, pφ = m(b + r sin θ)
2 (5)
The time evolution of the constraint Ω1 yields the secondary constraint as
Ω2 = pr ≈ 0 (6)
III. WESS-ZUMINO TERM AND HAMILTONIAN FORMULATION
To construct a gauge invariant theory corresponding to the gauge non-invariant model in Eq.(4), we
introduce the Wess-Zumino term [23] in the Lagrangian density L. For this purpose we enlarge the
3Hilbert space of the theory by introducing a new quantum field η, called as Wess-Zumino field, through
the redifinition of fields r and λ in the original Lagrangian density L as follows
r → r − η; λ→ λ+ η˙ (7)
With this redefinition of the fields, the modified Lagrngian density becomes
LI =
1
2
(r˙ − η˙)2 +
1
2
m(r − η)2θ˙2 +
1
2
m(b+ (r − η) sin θ)2φ˙2 − (λ+ η˙)(r − a− η) (8)
Canonical momenta corresponding to this modified Lagrangian density are then given by
pr = m(r˙ − η˙), pη = (m(r˙ − η˙) + (r − a− η)), pλ = 0
pθ = m(r − η)
2θ˙, pφ = m(b+ (r − η) sin θ)
2φ˙ (9)
The primary constraints for this extended theory is
ψ1 ≡ pλ ≈ 0 (10)
The Hamiltonian density corresponding to LI is written as,
HI = prr˙ + pηη˙ + pθ θ˙ + pφφ˙+ pλλ˙− L
I (11)
The total Hamiltonian density after the introduction of a Lagrange multiplier field u corresponding to
the primary constraint ψ1 is then obtained as
HIT =
p2r
2m
+
p2θ
2m(r − η)2
+
p2φ
2m(b+ (r − η) sin θ)2
+ λ(pr + pη) + upλ (12)
Following the Dirac’s method of constraint analysis [22–25], we obtain secondary constraint
ψ2 ≡ (pη + pr) ≈ 0 (13)
In next two sections, we extend this constrained theory to study the nilpotent symmetries associated
with this theory.
IV. BFV FORMULATION FOR FREE PARTICLE ON THE SURFACE OF TORUS
To discuss all possible nilpotent symmetries we further extend the theory using BFV formalism [28–31].
In the BFV formulation associated with this system, we introduce a pair of canonically conjugate ghost
fields (c,p) with ghost number 1 and -1 respectively, for the primary constraint pλ ≈ 0 and another pair
of ghost fields (c¯, p¯) with ghost number -1 and 1 respectively, for the secondary constraint, (pη + pr) ≈ 0.
The effective action for a particle on surface of the torus in extended phase space is then written as
Seff =
∫
d4x
[
pr r˙ + pηη˙ + pθθ˙ + pφφ˙− pλλ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+ c˙p+ ˙¯cp¯− {Qb, ψ}
]
(14)
where Qb is the BRST charge and ψ is the gauge fixed fermion. This effective action is invariant under
BRST transformation generated by Qb which is constructed using constraints in the theory as
Qb = ic(pr + pη)− ip¯pλ (15)
4The canonical brackets for all dynamical variables are written as
[r, pr] = [θ, pθ] = [φ, pφ] = [η, pη] = [λ, pλ] = {c¯, c˙} = i, {c, ˙¯c} = −i (16)
where rest of the brackets are zero. Now, the nilpotent BRST transformation, using the relation sbφ =
[φ,Qb]± (± sign represents the fermionic and bosonic nature of the fields φ), are explicitly written as
sbr = −c, sbλ = p¯, sbp¯ = 0, sbθ = −c
sbpφ = 0, sbpθ = 0, sbp = (pr + pη)
sbc¯ = pλ, sbpλ = 0, sbc = 0 (17)
In BFV formulation the generating functional is independent of gauge fixed fermion [33], hence we have
liberty to choose it in the convenient form as
ψ = pλ+ c¯(r + η +
pλ
2
) (18)
Putting the value of ψ in Eq. (14) and using Eqs., (15) and (16), we obtain
Seff =
∫
d4x
[
pr r˙ + pηη˙ + pθθ˙ + pφφ˙− pλλ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+ c˙p+˙¯cp¯+ λ(pr + pη) + 2cc¯ − p¯p+ pλ(r + η +
pλ
2
)
]
(19)
and the generating functional for this effective theory is represented as
Zψ =
∫
Dφ exp
[
iSeff
]
(20)
Now integrating this generating functional over p and p¯, we get
Zψ =
∫
Dφ′exp
[
i
∫
d4x
[
prr˙ + pηη˙ + pθθ˙ + pφφ˙− pλλ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+ ˙¯cc˙+ λ(pr + pη) + 2cc¯+ pλ(r + η +
pλ
2
)
]]
(21)
where Dφ′ is the path integral measure for effective theory when integrations over fields p and p¯ are
carried out. Further integrating over field pλ we obtain an effective generating functional as
Zψ =
∫
Dφ′′exp
[
i
∫
d4x
[
pr r˙ + pηη˙ + pθθ˙ + pφφ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+˙¯cc˙+ λ(pr + pη)− 2c¯c−
(λ˙− r − η)2
2
]]
(22)
where Dφ′′ is the path integral measure corresponding to all the dynamical variables involved in the
effective action.The expression for effective action in above equation is similar to BRST invariant effective
action in [34]. The BRST symmetry transformation for this effective theory is written as
sbr = −c, sbλ = c˙, sbη = −c
sbpr = 0, sbpη = 0
sbc¯ = −(λ˙− η − r), sbc = 0 (23)
These transformations are on shell nilpotent.
5V. NILPOTENT SYMMETRIES
In this section we will study various other nilpotent symmetries of this model with particle on a torus.
For this purpose it is convenient to work using Nakanishi-Lautrup type auxiliary field B which linearize
the gauge fixing part of the effective action in Eq.(22). The first order effective action is then given by
Seff =
∫
d4x
[
pr r˙ + pηη˙ + pθθ˙ + pφφ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+ ˙¯cc˙+ λ(pr + pη)− 2c¯c−B(λ˙− r − η) +
B2
2
]
(24)
We can easily show that this action is invariant under the following off-shell nilpotent BRST transforma-
tion
sbr = −c, sbλ = c˙, sbη = −c
sbpr = 0, sbpη = 0, sbθ = 0
sbc¯ = B, sbc¯ = 0, sbpφ = 0
sbφ = 0, sbpθ = 0 (25)
Corresponding anti-BRST transformation for this theory is then written by interchanging the role of
ghost and anti-ghost field as
sabr = −c¯, sabλ = ˙¯c, sabη = −c¯
sabpr = 0, sabpη = 0, sabpφ = 0
sabc = −B, sabc¯ = 0, sabθ = 0
sabφ = 0, sabpθ = 0 (26)
The conserved BRST and anti-BRST charges Qb and Qab which generate above BRST and anti-BRST
transformations are written for this effective theory as
Qb = ic(pr + pη)− ipλc˙ (27)
and
Qab = ic¯(pr + pη)− ipλ ˙¯c (28)
Further by using following equation of motion
B + p˙r = 0, B + p˙η = 0 r˙ − pr + λ = 0
B˙ = pr + pη, ˙¯c+ 2c¯ = 0,
c˙+ 2c = 0, B + λ˙− r − η = 0 (29)
it is shown that these charges are constants of motion i.e. Q˙b = 0, Q˙ab = 0, and satisfy following relations,
QbQab +QabQb = 0 (30)
To arrive on these relations, the canonical brackets [Eq.(16)] of the fields and the definition of canonical
momenta have been used
pλ = B, pc¯ = c˙, pc = − ˙¯c (31)
The physical states of theory are annihilated by the BRST and anti-BRST charges, leading to
(pr + pη)|phys〉 = 0 (32)
and
pλ|phys〉 = 0 (33)
This implies that the operator form of the first class constraint pλ ≈ 0 and (pr + pη) ≈ 0 annihilates
the physical state of the theory. Thus the physicality criteria is consistent with Dirac’s method of
quantization.
6VI. CO-BRST AND ANTI CO-BRST SYMMETRIES
In this section, we investigate two other nilpotent transformations, namely co-BRST and anti co-
BRST transformation which are also the symmetry of the effective action in Eq.(24). Further these
transformations leave the gauge-fixing term of the action invariant independently and the kinetic energy
term (which remains invariant under BRST and anti-BRST transformations) transforms under it to
compensate for the transformation of the ghost terms. These transformations are also called as dual and
anti dual-BRST transformation[11–13].
The nilpotent co-BRST transformation (s2d = 0) and anti co-BRST transformation (s
2
ad = 0) which
leave the effective action [in eq. (24)] for a particle on torus invariant, are given by
sdr = −
1
2
˙¯c, sdλ = −c¯, sdη = −
1
2
˙¯c
sdpr = 0, , sdpη = 0, sdc¯ = 0
sdc =
1
2
(pr + pη), sdB = 0, (34)
and
sadr = −
1
2
c˙, sadλ = −c, sadη = −
1
2
c˙
sadpr = 0, sadpη = 0, sadc¯ = 0
sadc = −
1
2
(pr + pη), sadB = 0 (35)
These transformations are absolutely anti-commuting as {Sd, Sad} = 0. The conserved charges for above
symmetries are found using Noether’s theorem and are written as
Qd = i
1
2
(pr + pη) ˙¯c+ ipλc¯ (36)
and
Qad = i
1
2
(pr + pη)c˙+ ipλc (37)
which generate the symmetry transformations in Eqs. (34) and (35) respectively. It is easy to verify the
following relations
sdQd = −{Qd, Qd} = 0
sadQad = −{Qad, Qad} = 0
sdQad = −{Qad, Qd} = 0
sadQd = −{Qd, Qad} = 0 (38)
which reflect the nilpotency and anti-commutativity property of sd and sad (i.e. s
2
d = 0,s
2
ad = 0 and
sdsad + sadsd = 0).
VII. OTHER SYMMETRIES
In this section, we construct other symmetries related to this system. Two different bosonic symmetries
are constructed out of four nilpotent symmetries. Discrete symmetry related to ghost number is also
constructed.
7A. Bosonic Symmetry
In this part we construct the bosonic symmetry out of these nilpotent BRST symmetries of the theory.
The BRST (sb), anti-BRST (sab), co-BRST (sd), and anti co-BRST(sad) symmetry operators satisfy the
following algebra
{sd, sad} = 0, {sb, sab} = 0
{sb, sad} = 0, {sd, sab} = 0 (39)
and we define bosonic symmetries, sw and sw¯ as
sw ≡ {sb, sd}, sw¯ ≡ {sab, sad} (40)
The fields variables transform under bosonic symmetry sw as
swr = −
1
2
(B˙ + pr + pη), swλ = −
1
2
(2B − p˙r − p˙η)
swη = −
1
2
(B˙ + pr + pη), swpr = 0, swpη = 0
swc = 0, swB = 0, swc¯ = 0 (41)
On the other hand transformation generated by sw¯ is
sw¯r = −
1
2
(B˙ + pr + pη), sw¯λ =
1
2
(2B − p˙r − p˙η)
sw¯η = −
1
2
(B˙ + pr + pη), sw¯pr = 0, sw¯pη = 0
sw¯c = 0, sw¯B = 0, sw¯ c¯ = 0 (42)
However the transformation generated by sw and sw¯ are not independent as it is easy to see from Eq.(41)
and (42) that the operators sw and sw¯ satisfy the relation sw + sw¯ = 0. This implies from Eq. (40), that
{sb, sd} = sw = −{sab, sad} (43)
It is clear from above algebra that the operator sw analogous of the Laplacian operator in the language
of differential geometry and the conserved charge for the above symmetry transformation is calculated as
Qw = −i[B
2 +
1
2
(pr + pη)
2] (44)
which generates the transformation in Eq.(41).
Using equation of motion, it can readily be checked that
dQw
dt
= −i
∫
dx[2BB˙ + (pr + pη)(p˙r + p˙η)] = 0 (45)
Hence Qw is the constant of motion for this theory.
B. Ghost Symmetry and Discrete Symmetry
Now we consider yet another kind of symmetry of this system called ghost symmetry. The ghost
numbers of the ghost and anti-ghost fields are 1 and -1 respectively. Rest of the variables in the action of
8this theory have ghost number zero. Keeping this fact in mind we can introduce a scale transformation
of the ghost field, under which the effective action is invariant, as
c → eΛc
c¯ → e−Λc¯
χ → χ (46)
where χ = {r, η, θ, φ, u, λ, pr, pη, pθ, pφ, pu, B} and Λ is a global scale parameter. The infinitesimal version
of the ghost scale transformation can be written as
sgχ = 0
sgc = c
sg c¯ = −c¯ (47)
The Noether’s conserved charge for above symmetry transformation is calculated as
Qg = i[ ˙¯cc+ c˙c¯] (48)
In addition to above continuous symmetry transformation, the ghost sector respects the following discrete
symmetry transformations
c→ ±ic¯, c¯→ ±ic (49)
VIII. GEOMETRICAL COHOMOLOGY
In this section we study the de Rham cohomological operators and their realization in terms of conserved
charges which generate the nilpotent symmetries for the theory of a particle on the surface of torus. In
particular we point out the similarities between the algebra obeyed by de Rham co-homological operators
and that by different BRST conserved charges.
A. Hodge-de Rham decomposition theorem and differential operators
Before we proceed to discuss the analogy, we briefly review the essential features of Hodge theory. The
de Rham cohomological operators in differential geometry obey the following algebra
d2 = δ2 = 0, ∆ = (d+ δ)2 = dδ + δd ≡ {d, δ}
[∆, δ] = 0, [∆, d] = 0 (50)
Where d, δ and ∆ are exterior, co-exterior and Laplace-Beltrami operator respectively. The operator d
and δ are adjoint or dual to each other and ∆ is self-adjoint operator [35]. It is well known that the
exterior derivative raises the degree of form by one when it operates on forms (i.e.dfn ∼ fn+1), whereas
the dual-exterior derivative lowers the degree of a form by one when it operates on forms (i.e.δfn ∼ fn−1).
However ∆ does not change the degree of form (i.e.∆fn ∼ fn). fn denotes an arbitrary n-form object.
Let M be a compact, orientable Riemannian manifold, then an inner product on the vector space
En(M) of n-forms on M can be defined as [36]
(α, β) =
∫
M
α ∧ ∗β (51)
where α, β ∈ En(M) and ∗ represents the Hodge duality operator [37]. Suppose that α and β are forms
of degree n and (n+ 1) respectively, the following relation for inner product will be satisfied
(dα, β) = (α, δβ) (52)
9Similarly, if β is form of degree n − 1, then we have the relation (α, dβ) = (δα, β). Thus the necessary
and sufficient condition for α to be closed is that should be orthogonal to all co-exact forms of degree
n. The form ω ∈ En(M) is called harmonic if dω = 0. Now let β be a n-form on M and if there exists
another n-form α such that ∆α = β, then for a harmonic form γ ∈ Hn,
(β, γ) = (∆α, γ) = (α,∆γ) = 0 (53)
where Hn(M) denotes the subspace of En(M) of harmonic forms on M. Therefore, if a form α exist with
the property that ∆α = β, then Eq. (53) is necessary and sufficient condition for β to be orthogonal to
the subspace Hn. This reasoning leads to the idea that En(M) can be partitioned into three distinct
subspaces Λnd ,Λ
n
δ and H
n which are consistent with exact, co-exact and harmonic forms respectively.
Therefore, the Hodge-de Rham decomposition theorem can be stated as
A regular differential form of degree n(α) may be uniquely decomposed into a sum of the harmonic
form (α)H , exact form (αd) and co-exact form (αδ) i.e.
α = αH + αd + αδ (54)
where α ∈ Hn, αs ∈ Λ
n
δ and αd ∈ Λ
n
d
B. Hodge-de Rham decomposition theorem and conserved charge
The generators of all the nilpotent symmetry transformations satisfy the following algebra
Q2b = 0, Q
2
ab = 0, Q
2
d = 0, Q
2
ad = 0
{Qb, Qab} = 0, {Qd, Qad} = 0, {Qb, Qad} = 0
{Qd, Qab} = 0, [Qg, Qb] = Qb, [Qg, Qad] = Qad
[Qg, Qd] = −Qd, [Qg, Qab] = −Qab, [Qw, Qr] = 0
{Qb, Qd} = −{Qad, Qab} = Qw (55)
Here the relations between the conserved charges Qb and Qad as well as Qab and Qad can be found using
equation of motions only. This algebra is similar to the algebra satisfied by de Rham co-homological
operators of differential geometry given in Eq.(53). Comparing (53) and (58) we obtain following analogies
(Qb, Qad)→ d, (Qd, Qab)→ δ, Qw → ∆ (56)
Let n be the ghost number associated with a given state |ψ〉n defined in the total Hilbert space of states,
i.e.
iQg|ψ〉n = n|ψ〉n (57)
Then it is easy to verify the following relations
QgQb|ψ〉n = (n+ 1)Qb|ψ〉n
QgQad|ψ〉n = (n+ 1)Qad|ψ〉n
QgQd|ψ〉n = (n− 1)Qb|ψ〉n
QgQab|ψ〉n = (n− 1)Qad|ψ〉n
QgQw|ψ〉n = nQw|ψ〉n (58)
which imply that the ghost numbers of the states Qb|ψ〉n,Qd|ψ〉n and Qw|ψ〉n are (n+1),(n-1) and n
respectively. The states Qab|ψ〉n and Qad|ψ〉n have ghost numbers (n-1) and (n+1) respectively. The
properties of set (Qb, Qad) and (Qd, Qab) are same as of operators d and δ. It is evident from Eq. (58) that
the set Qb, Qad raises the ghost number of a state by one and the set Qd, Qab lowers the ghost number of
10
the same state by one. Keeping the analogy between charges of different nilpotent symmetries and Hodge-
de Rham differential operators, we express any arbitrary state |ψ〉n in terms of the sets (Qb, Qd, Qw) and
(Qad, Qab, Qw¯) as
|ψ〉n = |w〉n +Qb|χ〉(n−1) +Qd|φ〉(n+1)
ψ〉n = |w〉n +Qad|χ〉(n−1) +Qab|φ〉(n+1) (59)
where the most symmetric state is the harmonic state|w〉n that satisfies
Qw|w〉n = 0, Qb|w〉n = 0, Qd|w〉n = 0
Qab|w〉n = 0, Qad|w〉n = 0 (60)
analogous to the Eq. (53). Therefore the BRST charges for a particle on a torus forms two separate set
of de-Rham co-homological operator, namely {Qb, Qab, Qw} and {Qd, Qad, Qw¯}.Thus we call the theory
of a particle on torus as double Hodge theory. Fermionic charges Qb, Qab, Qd and Qad follow following
physicality criteria
Qb|phys〉 = 0, Qab|phys〉 = 0
Qd|phys〉 = 0, Qad|phys〉 = 0 (61)
which lead to
pλ|phys〉 = 0
(Pr + Pη)|phys〉 = 0 (62)
This is the operator form of the first class constraint which annihilates the physical state as a consequence
of physical criteria, which further is consistent with the Dirac’s method of quantization of a system with
first class constraints.
IX. FINITE FIELD BRST TRANSFORMATIONS
In this section we show that these nilpotent symmetries can be generalized by making the parameter
finite and field dependent following the work of Joglekar and Mandal [38]. The BRST transformations can
be generated from BRST charge using relation δφ = [φ,Q]δΛ where δΛ is infinitesimal anti-commuting
BRST parameter under which effective action remains invariant. Joglekar and Mandal generalized the
anti-commuting BRST parameter δΛ to be finite-field dependent instead of infinitesimal but space time
independent parameter Θ[φ]. Under this generalization the path integral measure varies non-trivially.
The Jacobian for these transformations for certain Θ[φ] can be calculated by following way.
Dφ = J(k)Dφ′(k)
= J(k + dk)Dφ′(k + dk) (63)
Where k is a numerical parameter whose value lies between 0 and 1 (0 <k<1). Here all the fields are
taken to be k dependent. For a field φ(x, k), φ(x, 0) = φ(x) and φ(x, k = 1) = φ′(x).
The invariance of the Seff under φ(x, 0)→ φ(x, k) is a BRST transformation given by
φ(0) = φ(k) − δbφ(k)Θ[φ, k]. (64)
J(k) can be replaced by eiS1[φ(k);k] for a certain functional S1 which can be determined in each individual
case using following condition
∫
Dφ(k)
[ 1
J(k)
dJ(k)
dk
− i
dS1
dk
]
ei(S1+Seff ) = 0 (65)
11
where dS1
dk
is a total derative of S1 with respect to k in which dependence on φ(k) is also differentiated
and the Jacobian can be expressed as eiS1 where S1 is local functional of fields which satisfies the Eq.(63)
where change in Jacobian is calculated as
J(k)
J(k + dk)
=
∑
φ
±
δφ(x, k + dk)
δφ(x, k)
=
1
J(k)
dJ(k)
dk
dk (66)
± sign for bosonic and fermionic fields (φ) respectively.
X. FFBRST FOR FREE PARTICLE ON SURFACE OF TORUS
The effective action for the free particle on surface of torus using BFV formulation is written in
Eq.(19) and its BRST transformation is given by Eq.(23).In BRST transformation given by Eq.(23), δΛ
is global, infinitesimal and anti-commuting parameter. FFBRST transformation corresponding to this
BRST transformation is written as
sbr = cΘ, sbλ = −c˙Θ, sbη = cΘ
sbpr = 0, sbpη = 0, sbc = 0
sbc¯ = (λ˙− η − r)Θ (67)
where Θ is finite field dependent, global and anti-commuting parameter. Under this transformation too,
effective action is invariant.
Generating functional for this effective theory can be written as
Zψ =
∫
DΦ exp[i
∫
d4x
[
prr˙ + pηη˙ + pθ θ˙ + pφφ˙− pλλ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+ c˙p+ ˙¯cp¯+ λ(pr + pη) + 2cc¯− p¯p+ pλ(r + η +
pλ
2
)
]
] (68)
where,
DΦ = drdprdθdpθdφdpφdηdpηdλdpλdpdp¯dcdc¯ (69)
whereDΦ is the path integral measure integrated over total phase space. The finite BRST transformation
given above leaves the effective action invariant but path integral measure in generating functional is not
invariant under this transformation. It gives rise to a Jacobian in the extended phase space which can
be calculated as
DΦ = drdprdθdpθdφdpφdηdpηdλdpλdpdp¯dcdc¯
= J(k)dr(k)dpr(k)dθ(k)dpθ(k)dφ(k)dpφ(k)dη(k)dpη(k)dλ(k)dpλ(k)du(k)dpu(k)dp(k)dp¯(k)dc(k)dc¯(k)
= J(k + dk)dr(k + dk)dpr(k + dk)dθ(k + dk)dpθ(k + dk)dφ(k + dk)dpφ(k + dk)dη(k + dk)dpη(k + dk)
dλ(k + dk)dpλ(k + dk)dp(k + dk)dp¯(k + dk)dc(k + dk)dc¯(k + dk) (70)
Writing it in compact form as
=
∫
d4x
∑
ψ
[δΨ(x, k + dk)
δΨ(x, k)
]
(71)
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Where Ψ = (r, pr, θ, pθ, φ, pφ, η, pη, λ, pλ, p, p¯, c, c¯). Which can be written as
= 1 + dk
∫ [
c
δΘ′(x, k + dk)
δr(x, k)
− c˙
δΘ(x, k + dk)
δλ(x, k)
+ c
δΘ(x, k + dk)
δη(x, k)
+(λ˙− η − r)
δΘ(x, k + dk)
δc¯(x, k)
=
J(k)
J(k + dk)
= 1−
1
J(k)
dJ(k)
dk
dk (72)
Now we consider an example to illustrate the FFBRST formulation. For that purpose we construct finite
BRST parameter Θ obtained
Θ′ = iγ
∫
d4y c¯(y, k)pλ(y, k) (73)
through
Θ =
∫
Θ′(k) dk (74)
The Jacobian change is calculated
1
J(k)
dJ(k)
dk
= iγ
∫
d4y pλ
2 (75)
We make an ansatz for S1 as,
S1 = i
∫
d4x ξ1(k)pλ
2 (76)
Where ξ1(k) is a k dependent arbitrary parameter. Now,
dS1
dk
= i
∫
d4x ξ′1(k)pλ
2 (77)
Using condition in Eq. (65), we will get ξ1(k) = γk. Now the modified generating functional can be
written as,
Z =
∫
Dχ′(k) ei(S1+Seff )
=
∫
Dφ′ exp
[
i
∫
d4x
[
pr r˙ + pηη˙ + pθθ˙ + pφφ˙− pλλ˙−
p2r
2m
−
p2θ
2m(r − η)2
−
p2φ
2m(b+ (r − η) sin θ)2
+ c˙p+˙¯cp¯+ λ(pr + pη) + 2cc¯− p¯p+ pλ(r + η) + (
λ′
2
+ γk)pλ
2
]]
(78)
Here generating functional at k = 0 is the theory for a free particle on a surface of torus with a gauge
parameter λ′ and at k = 1, the generating functional for same theory with a different gauge parameter
λ′′ = λ′ + 2γ. These two effective theories with two different gauge parameters on the surface of a torus
are related through the FFBRST transformation with finite parameter given in Eq. (73). FFBRST
transformation is thus helpful in showing the gauge independence of physical quantities.
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XI. CONCLUSIONS
BFV formulation is a very powerful technique for quantization of gauge systems with constraints. It
plays important role in analyzing the constraints and symmetries of the system. We have used this
technique to study all the symmetries of a free particle on the surface of torus. We have constructed
nilpotent BRST, dual-BRST, anti-BRST and anti-dual BRST transformations for this system. Dual-
BRST transformations are also the symmetry of effective action and leaves gauge fixing part of the
effective action invariant. Interchanging the role of ghost and anti-ghost fields the anti-BRST and anti-
dual BRST symmetry transformations are constructed. We have shown that the nilpotent BRST and anti
daul-BRST charges are analogous to the exterior derivative operators as the ghost number of the state |ψ〉n
on the total Hilbert space is increased by one when these charges operate on this state and algebra followed
by these operators is same as the algebra obeyed by the de Rham co-homological operators. Similarly
the dual BRST and anti-BRST charges are analogous to co-exterior derivative. The anti-commutators
of BRST and dual BRST and anti-BRST and anti dual-BRST charges lead to bosonic symmetry. The
corresponding charges are analogous to Laplacian operator. Further, this theory has another nilpotent
symmetry called ghost symmetry under which the ghost term of the effective action is invariant. We
further have shown that this theory behaves as double Hodge theory as the charges for BRST (Qb),
dual BRST (Qd) and the charges for the bosonic symmetry generated out of these two symmetries (Qw)
form the algebra for Hodge theory. On the other hand charges for anti-BRST (Qab), anti-dual BRST
(Qad) and Qw¯, charge for bosonic symmetry generalized out of these nilpotent symmetries also satisfy
the Hodge algebra. Thus a particle on the surface of the torus has very rich mathematical structure.
We further constructed the FFBRST transformation for this system. By constructing appropriate field
dependent parameter we have explicitly shown that such generalized BRST transformations are capable
of connecting different theories on torus. It will be interesting to construct finite version dual BRST
transformations and study its consequences in studying system with constraints.
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